We present an investigation of the completely packed O(n) loop model on the square lattice by means of the transfer-matrix method and finite-size scaling. We investigate the model for a number of n values covering a wide range. This model is known to be equivalent with the q-state Potts model with q = n 2 , but here we also investigate the range n < 0, including rather large negative numbers. In the critical range |n| < 2, we find an energy-like scaling dimension X = 4, which is the leading one for n < 1 and the second leading one for 1 < n < 2. The point n = −2 is special, with a conformal anomaly c = −∞. For n < −2, the model is no longer critical, as evidenced e.g. by the exponentially fast convergence of the finite-size estimates of the free energy density to the infinite-system value. For |n| > 2, the system is in an ordered phase, where the majority of the loops cover part of the elementary faces of the lattice in one of two checkerboard patterns that are in phase coexistence. Furthermore, we find that the numerical results for the free energy density are in agreement with the expressions obtained from the exact analysis of the equivalent six-vertex model. This article is part of 'Lattice models and integrability', a special issue of Journal of Physics A: Mathematical and Theoretical in honour of F Y Wu's 80th birthday.
Introduction
The investigation of the physical properties of models of nonintersecting loops has already yielded many interesting results, as well as relations with other models, such as the O(n) spin model, that would, at first sight, seem unrelated. For instance, an analysis of the large-n loop model has yielded exact information about the absence of a transition in a part of the parameter space of the O(n) spin model [1, 2] . Nevertheless, a phase transition takes place in another part of the parameter space [2] , which is however not associated with spin ordering.
Here, we focus on the completely packed loop model on the square lattice. All lattice edges are covered by loop segments. The model is thus different from other models that exist under the name 'fully packed loop model' [3, 4] , where all vertices are visited by loop segments, but where empty edges also exist. In our present completely packed model, the four incoming loop segments at each vertex are pairwise connected, such that there are no intersections or crossings. Thus, there are two different states of each vertex, and we assign equal weights to them, which we conveniently take to be equal to one. The Boltzmann weight of a vertex configuration is determined by the weights of the loops. We assign a weight n to each loop in the resulting loop configuration. Thus, the partition sum on an N-site lattice assumes the simple form
where the sum on V runs on all 2 N vertex configurations and N l is the number of loops produced by that configuration. This model is, for n = √ q, equivalent to the critical q-state Potts model [5] , and to the six-vertex model [5, 6] . The relation between the Potts model and the six-vertex model was already found via a different path [7, 8] . The exact result obtained by Lieb [9] for the partition sum of the antiferromagnetic F model is therefore also relevant for the present completely packed loop model. The parameter range mentioned in [9] translates into the range n > −1. The solution shows that, when furthermore n < 2, the model is critical, as could already be suspected from the equivalence with the critical Potts model. Using this analytic result, Baxter [10] thus found the critical free energy of the Potts model on the square lattice for all q > 0. The equivalence of the exactly solved six-vertex model and the loop model is however not exact, at least not for finite systems. Namely, for models in a periodic geometry, the loops wrapping the system do not receive the correct loop weight n. While this difference can be compensated by inserting a 'seam' of modified vertex weights into the six-vertex model, the Lieb solution applies to the uniform six-vertex model. The loops wrapping the system become so sparse in the thermodynamic limit that we expect that the consequences for the bulk properties will vanish in general. This was indeed found analytically for the seven-vertex model on the honeycomb lattice [11] , but the conformal anomaly and the set of scaling dimensions are modified by the presence of such a seam.
The relation between the O(n) spin and loop models [12, 13] is a useful tool to explore the critical properties of the O(n) spin model [14] , also in three dimensions [15] . But this relation becomes less direct at lower temperatures of the spin model, where the spin-spin interactions can no longer be accurately expressed in the language of a simple loop model. Therefore, phase transitions in the dense loop model on the honeycomb lattice [2] do not correspond with low-temperature spin ordering, but are more closely related to a lattice-gas transition. For the O(n) loop model on the honeycomb lattice, the universal properties at full packing [3] appear to be different from the rest of the dense O(n) loop phase, which means that the introduction of vacancies or empty sites is relevant in the completely packed phase. This is not the case for the square lattice. This can already be concluded from the fact that the conformal anomaly at full packing, as deduced from the equivalence with the Potts model, is the same as that of the dense (not completely packed) phase [16, 17] .
The outline of this paper is as follows. In section 2, we summarize the existing calculations of the exact free energy, which are, in the first place, based on the solution of the six-vertex model in [9] . We also test for compatibility with other theoretical results. We also obtain the free energy for values of n < −2, which were not explicitly included in the parameter range considered in [9] . Section 3 summarizes the construction of the transfer matrix and describes the numerical technique, and presents the results for the free energies and universal quantities. Our conclusions are summarized in section 4.
Exact results

The Lieb solution
The calculation of the free energy density f 6v of the six-vertex model as given in [9] uses a set of vertex weights, which distinguishes between the 'ferroelectric' weights ω 1 to ω 4 , and the 'antiferroelectric' weights ω 5 and ω 6 . This case corresponds precisely with the loop model defined by equation (1) . The vertex weights resulting from this equivalence are
Since Lieb [9] uses instead the normalization ω 5 = ω 6 = 1 for the calculation of the reduced free energy f 6v per vertex, the reduced free energy density vertex f ≡ N −1 ln Z fpl of the completely packed loop model is f = f 6v + 1 2 ln(n + 2). Thus, on the basis of equation (15) of [9] we obtain the function f (n), purportedly describing the free energy of the completely packed loop model, in the corresponding range n > 2, as
with θ defined by cosh θ = n/2. For n = 2, we substitute μ = 0 in equation (16) of [9] , where μ is defined by = − cos μ, while the correspondence with our parameters is = −n/2. The substitution leads to
Lieb [9] also describes how one can find the free energy in the range given as −1 < < 1 2 in his notation, which corresponds with −1 < n < 2. In the review by Lieb and Wu [18] , the range of was extended to −1 < < 1. In our notation, the corresponding range then becomes −2 < n < 2. This leads to
The result given by Baxter [10] for the equivalent Potts model is given in a different form, which can be obtained [18] by the application of Parseval's theorem. For the completely packed O(n) model, it implies that
in which we may extend the range of μ listed in [10] to the interval 0 < μ < π. The case of the completely packed loop model with −2 < n < −1 corresponds with a positive energy of the antiferroelectric vertices in the six-vertex model. In view of entropy considerations, one may expect that this will not immediately lead to a spontaneous polarization of the six-vertex model, in agreement with the existence of a range of n < −1 where equation (5) remains valid.
The case n −2
For n < −2, the real parametrization by cosh θ = n/2, used in [9] , is not possible. The calculation of the free energy for this case is however still possible with the techniques described in [9] and [19] . The mapping of the completely packed O(n) model on the sixvertex model [5, 6] yields vertex weights as given in equation (2), with ω 5 = ω 6 = √ n + 2.
Thus, for n < −2, the antiferroelectric weights ω 5 and ω 6 are imaginary. According to the parametrization used by Lieb [9] and Baxter [19] , which includes the case of complex weights,
In this notation, one has > 1 for n < −2. However, the free-energy calculation presented in [19] for > 1 applies to real vertex weights, and does not apply to our case n < −2. Baxter divides the four ferroelectric vertices into two pairs with weights ω 1 = ω 2 and ω 3 = ω 4 , while the antiferroelectric weight ω 5 = ω 6 is kept real. The weights are parametrized by
A sufficiently large difference between ω 1 and ω 3 leads to > 1, even for real vertex weights. For that case, Baxter [19] derives a completely polarized ferroelectric state. The underlying physical reason for this state is that the system condenses in a state containing one type of energetically favored vertices. For a system with linear size L, the transfer matrix then yields a trivial ground state with 0 or L up-arrows. But, while the parameter describes the eigenvectors of the transfer matrix, it does not determine the ordering of the eigenvalues.
It thus appears that the physical (or rather, unphysical) reason for entering the range > 1 is different for the completely packed loop model in comparison with Baxter's sixvertex model. Since, for large negative n, the absolute value of the antiferroelectric vertex weights exceeds that of the ferroelectric ones, they will dominate the leading eigenstates of the transfer matrix. Therefore, the fully aligned ferroelectric state, which characterizes Baxter's model with > 1, does not apply to the present loop model with large negative n, for which we expect the largest eigenvalue of the transfer matrix in the sector with L/2 up-arrows.
We have analytically continued Lieb's parametrization [9] to n < −2, using the complex variable θ and the real variableθ defined by coshθ = −n/2 and θ =θ + π i ,
so that we still have cosh θ = n/2. While the calculation of the free energy proceeds very similar to that for the case < −1, some differences appear in the derived expressions. The relevant steps, in particular those different from [19] , are as follows. The wave numbers k describing the solutions of the Bethe ansatz [20] equations are expressed as a function of a newly defined variable α by
so that dk dα = sinhθ
In terms of α, the Bethe ansatz leads to a linear integral equation for the wave number density R(α). It is obtained by substitution of equations (9) and (10) in the corresponding general form of the integral equation as expressed in terms of the wave number k, which is given, e.g., in section 8.7 of [19] . This yields the following equation:
where the integration range depends on the number of up-arrows in the sector of the transfer matrix containing the largest eigenvalue. We expect that there will be L/2 up-arrows in the present case, which corresponds with Q = π . We thus define the Fourier seriesR m as
and, after inserting a factor exp(imα) into equation (11) and integrating out α, one finds that the Fourier coefficients satisfȳ
In analogy with [19] , the free energy per site, according to the wave number density specified by R(α), is
After expansion of the fraction in the integrand in powers of α, integration and substitution of equations (12) and (14) yield the function f (n) in the range n < −2 as
where we have ignored a contribution π i/2. The latter contribution corresponds to a minus sign in the weights of the elementary loops covering half the faces of the square lattice, as expected for large negative n. For a lattice with a number of sites equal to a multiple of 4, the minus signs cancel. Finally, we take the limit n → −2 in equation (16):
The difference between the two sums vanishes in the limit n → −2. Therefore, in this limit we obtain
In section 3, we shall compare the function f (n) with numerical results for the free energy density of the completely packed loop model.
Relation with the exactly solved coloring model
The completely packed loop model defined by equation (1) is equivalent [21] to a special case of a coloring model on the square lattice solved by Schultz [22] . Each bond is given one of n colors, with vertex weights defined on the basis of these colors. The vertex weights are denoted by W αβμν , where the Greek indices represent the colors of the incoming bonds in clockwise order. In the present work, we impose the additional conditions of rotational invariance over π/2, and equivalence of the colors. Then, the vertex weights for case IIA1 described by Schultz [22] reduce to
with
The relation between this model and that of equation (1) was pointed out by Perk and Wu [21] and determines the vertex weights by W d = 2W rl = 2. For the interpretation of the results in [22] it is relevant that the quantity denoted there as f , and which will here be denoted as f S , is the partition function per site. It applies only in the range n > 2. It uses the normalization W d = 1 [23] . Then, the free energy per site of the model of equation (1) is, according to the Schultz solution [22] ,
where
It remains to be seen that this expression is equal to equation (3) . After the substitution √ n − 2 = u − u −1 , equation (20) can be rewritten as
For u > 1, we may substitute the Taylor expansion of ln(1 − x):
Using e θ = u 2 , one thus finds
which confirms that the Schultz result is, for n > 2, in agreement with equation (3).
Critical exponents
Although the partition function of the completely packed loop model is, for n = √ q, equivalent to that of the critical q-state Potts or random-cluster model [5] , the sets of critical exponents do not coincide. The leading Potts temperature exponent is absent in the present loop model. This is due to the fact that the Potts temperature direction lies outside the parameter space of the loop model, even if one relaxes the condition of full packing. The universal properties of the completely packed O(n) loop model on the square lattice appear to be the same as those of the low-temperature O(n) phase. The exact solution of the latter model on the honeycomb lattice [24] , in particular, its extension to finite system sizes [11] , thus determines the conformal anomaly as
This expression is in agreement with numerical results for the dense O(n) loop model on the square lattice [17] . The latter model has also been exactly solved [25] . The temperature and magnetic exponents were already known from Coulomb gas analyses [14, 26] . Several critical exponents have also been confirmed numerically [17] and interpreted in terms of their conformal classification. The analytic results [14] for the temperature dimension X t and the magnetic dimension X h are
Transfer matrix
Technique
The transfer-matrix method is a useful tool to calculate the free energies and correlation lengths of statistical models that are finite in one direction. The technique for the case of the O(n) loop model has already been described in the literature (see e.g. [27] for an entry) and here we only give a brief summary. Consider a model described by equation (1), wrapped on a cylinder with a circumference of L lattice units. The cylinder has an open end with L dangling edges, covered by L loop segments that are pairwise connected. The way in which they are connected is called the connectivity. The coding of these connectivities in terms of integers 1, 2, . . . enables the use of these integers as transfer-matrix indices, and thus the formal definition of the transfermatrix elements. Our calculations were performed for L up to 30, for which the corresponding transfer matrix has linear dimensions of 9694 845. The calculation of a few of the largest eigenvalues was possible with the use of a sparse-matrix decomposition. These calculations, which used only modest computer resources, were limited to symmetric eigenstates with respect to translation and inversion of the connectivities.
The largest eigenvalue 0 (L) of the transfer matrix determines the free energy density of the finite system as
and the subleading eigenvalues k determine the correlation lengths ξ k according to
From these finite-size results, one can define a scaled gap according to
which is, according to the theory of conformal invariance [28] , expected to converge for large L to the scaling dimension X k associated with the corresponding correlation function. The finite-size dependence of f (L) can furthermore be used to determine the conformal anomaly c from the equation [16, 29] 
Numerical results
We have performed transfer-matrix calculations for a number of values of the loop weight n, and for even system sizes up to L = 30. Results for the bulk free energy densities were obtained by means of a fitting procedure according to equation (30) . The results are presented in table 1. One observes satisfactory agreement between the numerical results for the free energy and the function f (n) defined by equations (3), (4), (6) , (16) and (18) in section 2, also in the range −2 < n < −1, which falls outside the corresponding parameter ranges considered in [9] and [10] , but included in the chapter on the six-vertex model in Baxter's book [19] . Furthermore, the numerical data for n < −2 agree well with the analytic continuation of the n > 2 exact result [9] given by equation (16) .
The agreement with f (n) is very accurate for most of the range of n, although there are also limited ranges of n where the accuracy is rather restricted due to the presence of strong corrections to scaling. The extrapolated result for f extr at n = −2 was found by assuming the usual power −2 for the L dependence of the finite-size data (just as for the other values of n), even though the data for n = −2 appear to behave as L −1 . The power-law fit used to determine the bulk free energy also yields estimates of the conformal anomaly. However, after observing the agreement with the theoretical predictions for the free energy, we inserted the exact values in equation (30) , in order to obtain a better accuracy for c. The latter results for c are included in table 1, together with the theoretical predictions [11, 16] . The numerical result for the conformal anomaly at n = −2, namely c = −∞, is as deduced from the L −1 behavior of the finite-size data. Up to numerical accuracy, all eigenvalues of the transfer matrix are equal to ±2, so that the finite-size data behave exactly as f (−2, L) = L −1 ln 2. For n = −2, the off-diagonal contributions to the elements of the transfer matrix of the completely packed loop model appear to cancel, and the transfer matrix reduces to a diagonal form. With increasing L and depending on sign of n − 1, they display apparent convergence to the dotted line X t = 4 or to the Coulomb gas prediction, shown as the dotted curve ending at X t = 2, n = 2. Table 2 . Temperature dimension X t as extrapolated from finite-size data for the two leading eigenvalues. Coulomb gas predictions are also shown. Estimated numerical errors in the last decimal place are shown in parentheses. These data indicate the existence of a second scaling dimension X = 4 which obscures the one predicted by the Coulomb gas for n < 1. For n = −2, all eigenvalues of the transfer matrix are equal to 2, which corresponds to X = 0. The gap between the largest and second-largest eigenvalues, as determined for even system sizes up to L = 30, was used to estimate the temperature dimension X t as mentioned in section 3. The fit results are shown in table 2.
We have also calculated the third largest eigenvalue of the transfer matrix for system sizes up to L = 14. The results, in terms of scaled gaps according to equation (29) , are shown in figure 1 . Also included is the predicted temperature dimension according to equation (26) . One observes that the leading scaled gap (lowest in the figure) behaves in a way consistent with the X t prediction in the range n > 1, and with an integer value X = 4 for n < 1. The second scaled gap behaves in a similar way but with both ranges interchanged.
Discussion
The numerical results show that the free energy density agrees accurately with the function f (n) defined in section 2, which was based on the exact solution of the six-vertex model. Agreement is found over a wide range of n, including rather large positive and negative numbers. This is as expected in the range n > −2, but for n < −2 there was, as far as we are aware, no explicit theoretical prediction available. We have also explored the temperature-like scaling dimensions of the completely packed loop model. We find good agreement with the Coulomb gas prediction [14] for the low-temperature O(n) phase, and in addition we report strong evidence for a scaling dimension equal to 4, independent of n, in the range −2 < n < 2. Corrections to scaling corresponding to this scaling dimension can be attributed to quadratic deviations from isotropy, or to gradient operators in the theory of conformal invariance [30] . It is noteworthy that the transfer-matrix eigenspectrum of the completely packed loop model is relatively 'clean' in the sense that system-size-independent gaps ln | 0 / k |, which correspond to unwanted non-critical correlation functions, did not obstruct our determinations of the scaling dimensions. In this sense, the completely packed loop model is better behaved than the densely packed model studied in [17] .
The eigenvalue spectra of the transfer matrices for n 2 and n −2 are dominated by two eigenvalues which have different signs, but otherwise they tend to become degenerate when L increases. This asymptotic degeneracy was already noted by Baxter [19] for the case n 2. The gaps with the next-leading eigenvalues are much larger. The near degeneracy of the two dominant eigenvalues is a sign of the coexistence of two Ising-like ordered phases with a checkerboard pattern of elementary loops, covering half the elementary faces, and thus resembling the ordered state of the square-lattice gas with nearest-neighbor exclusion.
